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Using the previously developed method, we have obtained analytically the Green function in the time and ra-
dial coordinates for the problem on medium heating under external irradiation. On this basis, the radial
structure of the temperature field in the biological tissue has been investigated. The influence of the radial
diffusion of light on the thermal conditions of the tissue has been estimated, and it has been shown that at
fairly large times after irradiation such diffusion can be neglected. Examples of radial and depth temperature
distributions at various optical parameters of the tissue are given.

The heating of biological tissues by laser radiation is of both scientific and applied interest in solving various
medico-biological problems. In the majority of published papers, the authors show interest in the maximum tempera-
ture of the tissue, which naturally, takes place in the center of the laser beam. And this is clear, because in performing
surgical operations or low-intensity laser therapy one tries to provide the strongest thermal action on the tissue. Mean-
while the laser beam has an intensity-inhomogeneous cross section of finite size. This leads to the fact that with time
the heating zone expands in the radial direction. and the tissue temperature varies within the beam. Therefore, under a
prolonged laser action larger and larger portions of the tissue will be irradiated not only in the depth, but also in the
transverse direction. All these processes depend on the irradiation power and duration and on the optical and thermo-
physical characteristics of the medium.

In connection with the foregoing, many questions can be posed. How does the spatial form of the laser
beam influence the temperature regime of the tissue portions situated at a distance from the irradiation axis? What
are the sizes of the elevated temperature zone? Answers to these questions are not only of academic character. It
is known that even if the tissue is slightly heated at a distance from the beam axis, changes in the degree of oxy-
genation and the relative concentration of hemoglobin can occur in the blood [1], an increase in the microcircula-
tion can be observed [2, 3], and other physical, biophysical, and biochemical processes can proceed [4]. The
causes of such changes are still not clear, and many investigations of the influence of a weak heating on the opti-
cal [5, 6], structural, and other parameters of blood and tissue are being carried out. Knowledge of the radial tem-
perature distribution under laser irradiation can throw some light on this matter. The smooth increase in the
temperature with departure from the heating axis presents an ideal experimental situation for elucidating, e.g., the
threshold character of changes in tissues.

The present study is based on [7–9], where an analytical approach to the solution of the system of equations
of heat conduction in biological tissues under external irradiation by a narrow laser beam was developed. The axial
and radial heat transfer in a medium, the heat exchange between the capillaries and the tissue surrounding them, as
well as the heat transfer into the environment were taken into account. Analytical formulas describing the space-time
temperature distributions in the tissue, which practically do not require programming for calculations, were obtained.
The solution of the problem on the heat transfer in the tissue was obtained on the substantiated assumption that the
source function associated with the laser irradiation can be given in the form

S (t, z, r) = u (t) U1 (z) U2 (r) , (1)
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i.e., the temporal variable t and the spatial variables z and r can be separated. Relation (1) means that the radial struc-
ture of the beam is preserved at any depth z in the tissue. In the case of the shortest possible light pulse, u(t) = δ(t).
Under irradiation by a pulse of duration tp its temporal form can be arbitrary and, in particular, represent a unit step:

u (t) = 




1   at   t ≤ tp ;

0   at   t > tp .
(2)

The function describing the dependence of irradiance on the depth z is of the form

U1 (z) = 
k

cρ
 
(1 − R1) (1 + R)

1 − RR2
 exp (− βz) . (3)

Giving the Gaussian form of the function U2(r) with radius r0 on the 1/e2 level for the δ(t)-pulse, we can write

U2 (r) = 
2W

πr0
2
 exp − 2r

2 ⁄ r0
2


(4)

and an analogous relation for the pulse of finite duration with the replacement of the energy W by the power P. In
[7–9], we obtained the following analytical form of the Green function for the problem on tissue heating under irra-
diation by a space-limited δ(t)-pulse (4) with energy W:

Tδ (t, z, r) = 
2W

π
 Tδ,∞ (t, z) 

exp 

− r

2 ⁄ 4 r0
2 ⁄ 8 + ηt







8 r0
2 ⁄ 8 + ηt

 . (5)

Here Tδ,∞(t, z) is the Green function under irradiation of the medium by a δ(t)-pulse of infinite width with a unit sur-
face energy density [10, 11].

Note that as r0 → 0, from (4) U2(r) → Wδ(r) follows [12]. Passing in (5) to the limit as r0 → 0, we obtain
the Green function of the problem on the medium heating under its irradiation by an infinitely short and infinitely nar-
row pulse:

Tδ,δ (t, z, r) = 
2W
π

 Tδ,∞ (t, z) 
exp 



− r

2 ⁄ (4ηt)




8ηt
 . (6)

The analytical form (6) makes it possible to fairly easily, by calculating the convolution integrals, investigate the ther-
mal regime of the tissue irradiated by a pulse of arbitrary space and time structure. This requires neither special soft-
ware nor the development of complex computational algorithms. Below, we consider the case of stationary irradiation,
i.e., in formula (2) the duration tp exceeds the moment t of observation.

Thus, we emphasize again that, as follows from (1), (3), and (4), at a fixed spatial structure of the laser beam
the light intensity in the medium depends only on its optical characteristics. Form (5) or (6) of the Green function
shows that a change in the temperature T in the depth z is associated with the optical and thermophysical charac-
teristics, and the dependence of T on r is only determined by the thermophysical properties.

We now turn to the analysis of the results. The optical characteristics of the tissue needed for the calculations
are given in Table 1. Here k and β are, respectively, the light attenuation index in the depth regime and the absorption
index [13], z0 = 1/β is the depth of light penetration into the medium, and R is the reflection coefficient of the tissue

TABLE 1. Optical Parameters of the Biological Tissue

λ k β z0 R, %

418 94.9 17.2 0.058 5.89

700 0.382 0.462 2.17 65.4

711



layer. The choice of the wavelengths λ = 418 and 700 nm is due to the maximum and minimum absorption of light
by blood at these λ. The data given in Table 1 were taken from the opto-thermophysical model of tissue [7, 10] for
the volume concentration of the blood vessels (relative blood filling) 0.05, hematocrit 0.4, the volume fraction of he-
moglobin in erythrocytes 0.25, and the degree of oxygenation of the blood 0.75. The principles of constructing the
model and to what it corresponds, as well as the approximations and assumptions used to obtain the results presented
below, are given in [14]. Since here we considered soft tissues consisting mainly of water, it was assumed that the
thermal diffusivity η = 0.0014 cm2/sec and the product cρ = 4.2 J/(cm3⋅K). The heat-transfer parameter at the tissue–
air interface is equal to 40 m−1. Below, by T is meant the temperature excess (over the tissue temperature at the mo-
ment of onset of the laser action) as a result of the irradiation.

Consider Fig. 1, which shows the influence of the laser-beam form on the radial temperature distribution over
the tissue surface at z = 0. For comparison we chose the Gaussian beam (4) and the cylindrical beam

U2 (r) = 










P ⁄ (πr0
2)   at   r ≤ r0 ;

0   at   r > r0
(7)

of equal power P = 0.2 W and radius r0 = 0.25 cm. Apparently, the temperature on the beam axis at r = 0 is deter-
mined by the power density or the irradiance, especially at short instants of time when the effect of the radial diffu-
sion of heat is not yet strong. In the Gaussian beam (solid curves), the irradiance is twice as large and, therefore, the
tissue temperature here is also higher compared to the cylindrical beam (dashed curves). However, in the time interval
under consideration, the excess by a factor of 2 is not observed. While at small t (curves 1) the difference between
the temperatures is about 40%, 15 min after irradiation (curves 3) it is already 15%. This is due to the radial diffusion
of heat, which at the initial instants of time is stronger for the Gaussian beam because of the corresponding radial
temperature gradients at r = 0.

Note another interesting regularity. At distances from the beam axis of the order of r0 and larger the tempera-
ture values are practically the same for the two considered radial profiles of irradiation. The profiles themselves differ
from each other rather widely. For instance, while the Gaussian beam power decreases smoothly with increasing r, in
the cylinder beam there is a clearly defined boundary. As is seen from Fig. 1, no marked differences between the
functions U2(r) in the thermal field structure (in absolute units) outside the direct light zone are observed. As men-
tioned above, in obtaining the analytical form of the Green function (5), the radial diffusion of the laser beam was
ignored. It turns out (and this is confirmed by the data of Fig. 1) that upon lapse of a not very long time after the
onset of irradiation (after 1 sec) the real radial structure of the irradiation becomes immaterial. A second after, how-
ever, the tissue just begins to be heated so that its temperature reaches appreciable values. Obviously, the radial diffu-

Fig. 1. Dependence of T on r for the Gaussian (solid curves) and the cylindri-
cal (dashed curves) laser beam at t = 10 (curves 1), 100 (2), and 1000 sec (3);
P = 0.2 W, λ = 700 nm, r0 = 0.25 cm, z = 0.
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sion of the light beam in the thermal problem can be ignored, at least under the conditions given in Fig. 1. In any
event, these estimates will require further investigations.

Next we shall consider only the Gaussian beam. We assume that the radiance on its axis at z = 0 is 2
W/cm2. Figure 2 illustrates the radial temperature distribution over the tissue surface at different instants of time at
various values of r0. To interpret the results, it will be recalled that in [10, 11] the characteristic times of the proc-
esses in the medium that permit visual analysis of the laws of change in the temperature were introduced. Thus, the
temperature equalizing time in the tissue thickness τη = 1/(β2η), the radial heat-transfer time τr = r0

2/(2.5η), and the
time of heat exchange between the surface and the environment τh = 1/(h2r). In the case given in Fig. 2, at λ = 418
and 700 nm, respectively, we have τη = 0.011 and 27 sec. The time τh = 3⋅105 sec is independent of λ. From this it
follows that at a tissue–air contact the heat transfer into the environment is negligibly small compared to its transfer
in the tissue. Obviously, at the very first instants of time when t << τr the form of the radial temperature distribution
is similar to U2(r). For the conditions of Fig. 2 this holds to about 1 sec (not shown). With increasing t the thermal
spot noticeably blurs. In so doing, the rate of decrease in T(r) with increasing r no longer depends on the laser-beam
radius. From Fig. 2 it is seen that the curves drop practically in parallel to one another, and the temperature values
are determined by the irradiation power alone. Note that, unlike Fig. 1, here the curves are normalized to equal irra-

Fig. 2. Dependence of T on r for the Gaussian beam at λ = 418 (a) and 700
nm (b), t = 1 (dash-dot curves), 100 (dashed curves), and 1000 sec (solid
curves), r0 = 0.1 (curves 1), 0.25 (2), and 0.5 cm (3), z = 0.

Fig. 3. Dependence of T on z for the Gaussian beam at t = 10 (dash-dot
curves), 100 (dashed curves), and 1000 sec (solid curves), r = 0 (curves 1),
0.25 (2), and 0.5 cm (3), λ = 418 nm, r0 = 0.25 cm.
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diance at the beam center and, consequently, the initial power is proportional to r0
2. This confirms once again the con-

clusion drawn in considering Fig. 1 that at distances from the beam axis the radial structure of the light spot is im-
material. Naturally, under irradiation in the violet region (Fig. 2a) higher temperatures than in the red region (Fig. 2b)
are attained because of the stronger adsorption.

Figure 3 characterizes the temperature change with depth z at various distances from the beam axis at differ-
ent instants of time at λ = 418 nm. The fact that the curves approach one another, especially at large t and z, points
to a strong radial spread of the elevated temperature zone in the tissue. Note that upon irradiation for about 15 min
(solid curves) a fairly marked heating of the tissue (by about 1 K) both to a depth of up to 1 cm and in the radial
direction up to 0.5 cm takes place. The above geometric distances considerably exceed the depth of penetration of
light into the tissue at the given wavelength, so that the radiation here is absent. This is only the result of the initial
temperature field diffusion.

In conclusion, note that the analytical method for calculating the temperature field described in the present
paper and the examples given make it possible to answer the questions posed in the beginning of the article. In so
doing, it is very easy to pass to arbitrary spatial energy distributions in the irradiating beam, as well as to its arbitrary
time structure.

This work was supported by the Belarusian Republic Basic Research Foundation, grant No. F01-009.

NOTATION

c, specific heat capacity, J/(kg⋅K); h, parameter of heat exchange between the tissue and the environment,
m−1; k, absorption index of the tissue, cm−1; P, laser-radiation power, W; r, current radial coordinate, cm; r0, effective
radius of the beam, cm; R, reflection coefficient of the layer thickness; R1, reflection coefficient of the tissue surface
under external irradiation; R2, reflection coefficient of the tissue surface under irradiation from the inside of the me-
dium; S, source function, K/sec; t, current times, sec; tp, irradiation-pulse duration, sec; T, temperature excess above
normal, K; u, time pulse form; U1, depth part of the source function, cm2⋅K/J; U2, radial part of the source function,
W/cm2; W, energy of the irradiation δ(t)-pulse, J; z, depth, cm; z0, depth of light penetration into the tissue, mm; β,
depth attenuation index of the tissue, mm−1; δ, delta-pulse; η, thermal diffusivity, cm2/sec; λ, wavelength, nm; p, den-
sity, kg/cm3; τh, characteristic time of heat exchange with the environment, sec; τr, characteristic time of radial heat
transfer, sec; τη, characteristic time of heat transfer into the tissue depth, sec. Subscripts: ∞, infinitely wide irradiation
beam; p, finite-duration pulse; η, heat transfer into the tissue depth.
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